In this paper, we give a universal completion of the ZX-calculus for the whole of pure qubit quantum mechanics. This proof is based on the completeness of another graphical language: the ZW-calculus, with direct translations between these two graphical systems.
Introduction
The ZX-calculus introduced by Coecke and Duncan [1] is an intuitive yet mathematically strict graphical language for quantum computing: it is formulated within the framework of compacted closed categories which has a rigorous underpinning for graphical calculus [2] , meanwhile being an important branch of categorical quantum mechanics (CQM) pioneered by Abramsky and Coecke [3] . Notably, it has intuitional and simple rewriting rules to transform diagrams from one to another. Each diagram in the ZX-calculus has a standard interpretation in the Hilbert spaces, thus makes it relevant for quantum computing. For the past ten years, the ZX-calculus has enjoyed sucess in applying to fields of quantum information and quantum computation (QIC), in particular (topological) measurement-based quantum computing [4, 5] and quantum error correction [6, 7] .
To realise its greatest advantage, the so-called completeness is of concerned with the ZX-calculus: any equation of diagrams that holds true under the standard interpretation in Hilbert spaces can be derived diagrammatically. It has been shown in [8] that the original version of the ZX-calculus [1] plus the Euler decomposition of Hadamard gate is incomplete for the overall pure qubit quantum mechanics (QM). Since then, plenty of efforts have been devoted to completion of some part of QM: real QM [9] , stabilizer QM [10] , single qubit Clifford+T QM [11] and Clifford+T QM [12] . Amongst them, the completeness of ZX-calculus for Clifford+T QM is especially interesting, since it is approximatively universal for QM. Note that their proof relies on the completeness of ZW-calculus for "qubits with integer coefficients".
In this paper, we prove that the ZX-calculus is complete for the overall pure qubit QM. Our proof is based on the completeness of ZW-calculus for the whole qubit QM [13] : we first introduce a triangle and a series of λ-labeled boxes (λ ≥ 0), which turns out to be expressible in ZX-calculus without these symbols. Then we establish reversible translations from ZX to ZW and vice versa. By checking carefully that all the ZW rewriting rules still hold under translation from ZW to ZX, we finally finished the proof of completeness of ZX-calculus for the overall qubit QM.
ZX-calculus
The ZX-calculus is a compact closed category C. The objects of C are natural numbers: 0, 1, 2, · · · ; the tensor of objects is just addition of numbers: m ⊗ n = m + n. The morphisms of C are diagrams of the ZX-calculus. A general diagram D : k → l with k inputs and l outputs is generated by:
where m, n ∈ N, α ∈ [0, 2π), and e represents an empty diagram. For the purposes of this paper we extend the language with two new symbols (although in principle they could be eliminated, see lemma 2.1):
where λ ≥ 0. The composition of morphisms is to combine these components in the following two ways: for any two morphisms There are two kinds of rules for the morphisms of C: the structure rules for C as an compact closed category, as well as original rewriting rules listed in Figure 1 and our extended rules listed in Figure 2 and Figure 3 .
Note that all the diagrams should be read from top to bottom.
. . .
Figure 1: Original ZX-calculus rules, where α, β ∈ [0, 2π).
Figure 2: Extended ZX-calculus rules for λ and addition, where λ, Proof: The triangle has been represented by ZX phases in [12] . So we only need to deal with the lambda box. First we can write λ as a sum of its integer part and remainder part:
is a non-negative integer and 0 ≤ {λ}
, then by rule (AD) and induction, we have
Again by rule (AD), we have
Therefore, we have
.
The diagrams in the ZX-calculus have a standard interpretation · in the category of Hilbert spaces:
It can be verified that the interpretation · is a monoidal functor.
ZW-calculus
The ZW-calculus is a compact closed category F. The objects of F are natural numbers: 0, 1, 2, · · · ; the tensor of objects is just addition of numbers: m ⊗ n = m + n. The morphisms of F are diagrams of the ZX-calculus. A general diagram D : k → l with k inputs and l outputs is generated by:
where m, n ∈ N, r ∈ C, and e represents an empty diagram. The composition of morphisms is to combine these components in the following two ways: for any two morphisms There are two kinds of rules for the morphisms of F: the structure rules for F as an compact closed category, as well as the rewriting rules listed in Figure 4 , 5, 6, ??.
Note that all the diagrams should be read from top to bottom. The diagrams in the ZX-calculus have a standard interpretation · in the category of Hilbert spaces: 
It can be verified that the interpretation · is a monoidal functor. 
Interpretations from ZX-calculus to ZW-calculus and back forth
First we define the interpretation · XW from ZX-calculus to ZW-calculus as follows:
where α ∈ [0, 2π), λ ≥ 0.
Lemma 4.1 Suppose D is an arbitrary diagram in ZX-calculus. Then D XW = D .
The proof is easy.
Next we define the interpretation · WX from ZW-calculus to ZX-calculus as follows:
where r = λe iα , α ∈ [0, 2π), λ ≥ 0.
Lemma 4.2 Suppose D is an arbitrary diagram in ZW-calculus. Then D WX = D .
Lemma 4.3 Suppose D is an arbitrary diagram in ZX-calculus. Then ZX ⊢ D XW WX = D.
Proof: By the construction of · XW and · WX , we only need to prove for D as a generator of ZX-calculus. The first six generators in ZX-calculus are the same as the first six generators in ZW-calculus, so we just check for the last four generators in ZX-calculus.
Since 5 Completeness
Proof: Here we need only to prove that ZX ⊢ D 1 WX = D 2 WX where D 1 = D 2 is a rewriting rule of ZW-calculus. The whole of Appendix is devoted to prove this proposition. 
Theorem 5.2 The ZX-calculus is complete for universal pure qubit quantum mechanics: If D
1 = D 2 , then ZX ⊢ D 1 = D 2 , Proof: Suppose D 1 , D 2 ∈ ZX and D 1 = D 2 . Then by lemma 4.1, D 1 XW = D 1 = D 2 = D
Conclusion and further work
In this paper, we show that the ZX-calculus is complete for the universal pure qubit QM, with the aid of completeness of ZW-calculus for the whole qubit QM.
There are several questions for the next step. Firstly, can we derive the completeness of ZX-calculus for Clifford+T QM from the universal completeness? Secondly, can we obtain the completeness of ZX-calculus for stabilizer QM from the universal completeness? Thirdly, can we generalise the completeness result to qudit ZX-calculus for arbitrary dimension d? Furthermore, can we have a proof of completeness that is independent of the ZW-calculus?
It is also interesting to incorporate the rules of the universally complete ZX-calculus in the automated graph rewriting system Quantomatic [16] .
Proof:
Proof: Proof in [12] lemma 33. The rules used are 6.2, 6.5, B1, T R2. 
